The measurement of the top-quark anomalous electromagnetic couplings is one of the most important goals of the top-quark physics program in the present and future collider experiments.
I. INTRODUCTION

The detection of the Higgs boson [1-4] by the ATLAS [5] and CMS [6] Collaborations
at the Large Hadron Collier (LHC), together with the absence so far of any signature new physics beyond the Standard Model (BSM) in collisions at centre-of-mass energies of several T eV , has triggered great interest of the scientific community on the planning of future colliders to increase the energy and precision frontiers, as well as with cleaner environments.
Regarding the future colliders, the Future Circular Collider (FCC) study develops options for potential high-energy frontier circular colliders at CERN for the post LHC era that will open up new horizons in the field of fundamental physics. These colliders, with its high precision and high-energy reach, could extend the search of new particles and interactions well beyond the LHC, that may hold the key to understanding those unexplained happening of the SM: evidence for dark matter, prevalence of matter over antimatter, the neutrino masses. The FCC study puts great emphasis in the scenarios of high-intensity and highenergy frontier colliders: pp, e + e − and e − p. It should be mentioned that in comparison with the LHC, the FCC-he have the advantage of providing a clean environment with small background contributions from QCD strong interactions. In addition, as the initial states are asymmetric then the backward and forward scattering can be disentangled. For a complete and detailed study on the physics and detector design concepts see Refs. [7, 8] .
The aim of this study is for model-independent sensitivity estimates on top-quark anomalous electromagnetic couplingsã V andã A at the Future Circular Collider Hadron-Electron (FCC-he) [7] [8] [9] through e − p → e − γ * γ * p → e − ttp collisions. We have based our study on the FCC-he which has been designed to collide electrons with an energy E e = 250 GeV to E p = 500 GeV with protons with an energy E p = 50 T eV , corresponding to the center-ofmass energies √ s = 2 E e E p = 7.07 T eV and 10 T eV . The anticipated integrated luminosity is about the order of 50 − 1000 f b −1 depending on the energy of the incoming electrons and the design of the collider.
Different studies on the top-quark physical potential have been presented by several theoretical, experimental and phenomenological authors/groups, and have been made for different specific processes and environments. Furthermore, the processes involving topquarks provide us unique opportunities to test the Standard Model (SM) predictions and look for possible signatures of new physics BSM. These signals can be the anomalous elec-tromagnetic dipole moments of the top-quark, that is, its Magnetic Moment (t-MM) and its Electric Dipole Moment (t-EDM), with the latter considered as a source of CP violation.
The estimate in the SM for the t-MM [10] and t-EDM [11] [12] [13] are given by SM : a t = 0.02,
and the t-MM can be tested in the LHC and future colliders such as the Compact Linear
Collider (CLIC), the Large Hadron-Electron Collider (LHeC) and the FCC-he. In the case of the t-EDM, its value is strongly suppressed as shown in Eq.
(1), and is much too hard to be observed. However, it is very attractive for probing new physics BSM due to the same reason.
A summary on sensitivities achievable on the electromagnetic dipole moments of the topquark are given in Table I . See Refs. [14, [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] for another results on the t-MM and the t-EDM in different context. 
Model
Theoretical sensitivity:
Top-quark pair production at LHC (−0.041, 0.043), (−0.035, 0.038) 68% [14] ttγ production at LHC (−0.2, 0.2), (−0.1, 0.1) 90% [15] Radiative b → sγ transitions at Tevatron and LHC (−2, 0.3), (−0.5, 1.5) 90% [16] Process pp → pγ * γ * p → pttp at LHC (−0.6389, 0.0233), (−0.1158, 0.1158) 68% [17] Measurements of γp → tt at LHeC (−0.05, 0.05), (−0.20, 0.20) 90% [18] Top-quark pair production e + e − → tt at ILC (−0.002, 0.002), (−0.001, 0.001) 68% [19] Process γe − →tbν e at CLIC (−0.0258, 0.0350), (−0.0301, 0.0301) 95% [20] Process e + e − → e + γ * e − →tbν e e + at CLIC (−0.0609, 0.1081), (−0.0777, 0.0777) 95% [20] Mode γγ → tt at CLIC (−0.02203, 0.0020), (−0.0206, 0.0206) 95% [21] Mode e + γ → e + γ * γ → e + tt at CLIC (−0.4570, 0.0045), (−0.0431, 0.0431) 95% [21] Mode e + e − → e + γ * γ * e − → e + tte − at CLIC (−0.6013, 0.0151), (−0.0890, 0.0890) 95% [21] The structure of this paper is as follows. particles. This is justified due to the fact that the related observables have not shown any significant deviation from the SM predictions so far. In the effective Lagrangian formalism, potential deviations from the SM for the anomalous ttγ coupling could be described using the following Lagrangian:
Here, L ef f is the effective Lagrangian which contains a series of higher-dimensional operators built with the SM fields, L SM is the renormalizable SM Lagrangian, Λ is the scale at which new physics expected to be observed, α n are dimensionless coefficients and O
n represents the dimension-six gauge-invariant operator.
The most general effective coupling ttγ which includes the SM coupling and contributions from dimension-six effective operators can be written as [15, 17, 19, 35, 36] :
where g e is the electromagnetic coupling constant, Q t is the top-quark electric charge and the Lorentz-invariant vertex function Γ µ ttγ , which describes the interaction of a γ photon with two top quarks, can be parameterized by
where m t is the mass of the top quark, q is the momentum transfer to the photon and the couplingsâ V andâ A are real and related to the anomalous magnetic moment (a t ) and the electric dipole moment (d t ) of the top quark, respectively. The relations betweenâ V (â A ) and a t (d t ) are given byâ
The operators contribute to top-quark eletromagnetic anomalous couplings [37, 38] are 
In these equations, υ = 246 GeV is the breaking scale of the electroweak symmetry, Λ is the new physics scale and sin θ W (cos θ W ) is the sine(cosine) of the weak mixing angle.
B. Theoretical Calculations
In the e − p colliders the top-quark pairs can be produced through the channel e For γ * γ * collisions including the effects of the effective Lagrangian given by Eq. (3), the corresponding matrix elements for the subprocess γ * γ * → tt are given in function of the Mandelstam invariantsŝ,t andû, as well as of their dipole momentsâ V andâ A as follows:
In Eqs. (11)- (13)
2 and p 1 and p 2 are the four-momenta of the incoming photons, p 3 and p 4 are the momenta of the outgoing top quarks, Q t is the top-quark charge, α e = g 2 e /4π is the fine-structure constant and m t is the mass of top-quark.
A useful approximation for determined the e − p → e − γ * γ * p → e − ttp scattering crosssection, it is due to Weizsacker-Williams Approximation (WWA), also alternatively called the Equivalent Photon Approximation (EPA) [39] [40] [41] . In EPA, photons emitted from incoming charged particles which have very low virtuality are scattered at very small angles from the beam pipe and because the emitted quasi-real photons have a low Q 2 virtuality, these are almost real. These processes have been observed experimentally at the LEP, Tevatron and LHC [42] [43] [44] [45] [46] [47] [48] . In WWA or EPA, the quasireal photons emitted from both lepton and proton beams collide with each other and produce the subprocess γ * γ * → tt. In the WWA, the spectrum of first photon emitted by electron is given by [39, 49] 
where
/E e and Q 2 max is maximum virtuality of the photon. The minimum value of the Q 2 min is given by
The spectrum of second photon emitted by proton can be written as follows [39, 49] 
where the function ϕ is given by
From Eq. (17),
Therefore, in the WWA the total cross-section of the e − p → e − γ * γ * p → e − ttp signal is obtained as follows
The main anomalous electromagnetic couplings affecting top-quark physics that are of interest for our study areâ V andâ A . We have calculated the dependencies of the e − p → e − γ * γ * p → e − ttp associated production cross-sections for FCC-he at 7.07 T eV and 10 T eV onâ V andâ A using CalcHEP [49] . We obtain the following numerical results: 
We see that the sensitivities on the total cross-section and on the coefficients ofâ V and a A increase with the centre-of-mass energy, confirming the expected competitive advantage of the high-energies attainable with the FCC-he.
For signal production, as shown in Figs. 3 and 4 , we give the total cross-section of [17] (see Figs. 3 and 4) . We find that our results, using process e − p → e − γ * γ * p → e − ttp at the FCC-he energies, with respect to process pp → pγ * γ * p → pttp at LHC energies, show a significant improvement. Furthermore, it is noteworthy that with our process the total cross-sections is a factor O(10
that is, our results are 3 orders of magnitude better than those reported in Ref. [17] . This shows that the sensitivity on the anomalous couplingsâ V andâ A can be improved at the FCC-he by a few orders of magnitude in comparison with the LHC. In the case of the LHeC, 
III. PROJECTIONS ON THE DIPOLE MOMENTS OF THE TOP-QUARK
We evaluate the potential of top-quark pairs production at the FCC-he with centre-ofmass energies of 7.07 and 10 TeV, on the MM and EDMâ V andâ A of the top-quark. To carry out our study, we concentrate on double top-quark production process, e − p → e − γ * γ * p → e − ttp, followed by t(t) → bW + (bW − ), where the W boson decays into leptons and hadrons.
To probe the sensitivity on the anomalousâ V andâ A parameters we perform a χ 2 test and calculate 68%, 90% and 95% confidence level (C.L.) sensitivities. The χ 2 distribution [20, 21] is defined by
with σ BSM ( √ s,â V ,â A ) the total cross-section which contains contributions from the SM and physics BSM, δ st = 1 √ N SM and δ sys are the statistical and systematic uncertainties, respectively. The number of events for the process e − p → e − γ * γ * p → e − ttp is given by quark. For top quark pair production we can categorize decay products according to the decomposition of W . In this work, we assume that one of the W bosons decays leptonically and the other hadronically for the signal. This event has already been studied by ATLAS and CMS Collaborations [51] [52] [53] . Thus, we assume that the branching ratio of the top-quark pair in the final state to be BR(t → W b) = 0.286.
It is worth mentioning that, an important part of our study is the incorporation of theoretical uncertainties as there may be several experimental and systematic uncertainty sources in top-quark identification. In hadron colliders, especially LHC, the process of determining the cross-section of top pair production has been experimentally studied [54, 55] .
From these studies, the total systematic uncertainty value is about 10% and is increasingly improved when it is compared with previous experimental studies [53] . Tables II-VII show the projections for model-independent sensitivity on the dipole momentsâ V andâ A of the top-quark at the FCC-he. We assume center-of-mass energies of 7.07 T eV and 10 T eV , integrated luminosity L = 50, 100, 300, 500, 1000 f b −1 , systematic uncertainties δ sys = 0%, 3%, 5%, and we determine 68%, 90% and 95% C.L. sensitivities. We find that the mode of top quark pair production e − p → e − γ * γ * p → e − ttp imposes stronger sensitivities on the dipole moments. In conclusion, the FCC-he may sensitivities estimates on the electromagnetic dipole moments of the top quark with a sensitivity of the order
It is worthwhile to compare the results obtained here with those of Ref. [17] which consider the process pp → pγ * γ * p → pttp with the LHC running at √ s = 14, 33 T eV and with integrated luminosities of L = 100, 300, 3000 f b −1 . The authors of Ref. [17] they find constraints at 68% C.L. of the order O(10 −2 − 10 −1 ). We also note that, while we do consider three systematic errors in our study, the quoted sensitivities in Ref. [17] do not include theoretical uncertainty. Furthermore, the FCC-he sensitivity is even better for our processes than for those reported in Ref. [17] . We use channel e − p → e − γ * γ * p → e − ttp, to have made fits to estimate the sensitivities at the various FCC-he centre-of-mass energies, using the dependence of the total cross-section on the parametersâ V andâ A , as shown through Eqs. (23)- (26) . In making our χ 2 fits, we
(see Eq. (27) ) and we assume systematic uncertainties δ sys = 0, 3%, 5%. The sensibility resulting 68%, 90% and 95% C.L. are plotted in Figs. 9-12 for 7.07 T eV and 10 T eV , respectively.
The results from our 7.07 T eV fit shown in Figs. 9 and 10 include the individual sensitivity obtained considering just one parameter at a time and colour-coded in red, green, blue gives the estimated sensitivities. In these figures, the sensitivities are obtained by taking into account systematic uncertainties δ sys = 0%, 3%, 5% at 68%, 90% and 95% C.L, respectively.
Similar conclusions hold for the 10 T eV fits whose results are shown in Figs. 11 and 12, where the increases in sensitivity are even more marked, with individual sensitivities onâ V andâ A . This level of sensitivity becomes comparable to that at which future electroweak precision tests may constrain the anomalous couplingsâ V andâ A as is the case of the ILC and CLIC [19] [20] [21] .
IV. CONCLUSIONS
We have emphasized in this paper the potential importance on sensitivity of FCC-he, that is, of the future e − p collider for directly probing possible new physics BSM by studying sensitivity on the total cross-section and on theâ V andâ A at √ s = 7.07, 10 T eV and L = 50
to 1000 f b −1 . We have stressed, and shown numerically (see Figs. 3-12 and Tables II-VII) , that the increase sensitivity at high energy and high luminosity provides opportunities in the process e − p → e − γ * γ * p → e − ttp in particular. The extracted results for the FCC-he, which are presented in Figs 3-12 and Tables II-VII show a great sensitivity, and in some cases improvements are expected with respect to the potential sensitivity for the LHC, ILC and CLIC (see Table I and Refs. [14, [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] ). Our results motivate more detailed studies including additional benchmark analyses based on full FCC-he detector simulations at high energies, with the aim of verifying and refining our estimates on the sensitivity with which the cross-sections and the t-MM and t-EDM for the process e − p → e − γ * γ * p → e − ttp could be measured at the FCC-he. It is worth mentioning that, in comparison with the LHC the FCC-he have the advantage of providing a clean environment with small background contributions from QCD strong interactions. With all these arguments already presented, we conclude that the FCC-he is a viable option for model-independent sensitivity estimates on top-quark anomalous electromagnetic couplings with very good accuracy. 
